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Abstract-The instability of a current carrying structure depends on the incremental inductance due to
deformation, Numerical methods have been employed to compute the incremental inductances of simple
elastic systems, The frequency current dispersion relations have been obtained for current-carrying beams and
rings,

INTRODUCTION

The instability of a current-carrying elastic structure due to its own magnetic field is a new area
in the field of mechanics. Leontovich and Shafranov[l] initiated the area by demonstrating that
a flexible rod carrying electric current is inherently unstable for flexural motions. Later
Dolbin [2] and Dolbin and Morozov [3] studied the flexural vibrations of an elastic rod and
concluded that there exists a critical value of current exceeding which the rod cannot admit any
vibratory motion. In all these papers, the authors assume that the current is confined on the
surface of the rod. Chattopadhyay and Moon[4] have studied the vibration and stability of a
current-carrying rod which has a uniform current distribution in its undeformed state. The
existence of a critical current was established both analytically and experimentally in [4].
However. depending on the configuration of the current-carrying structure and its mode of
vibration. the self magnetic field could be stabilizing or destabilizing.

In [1-4] the perturbed magnetic forces due to deformation or motion have been obtained in
closed form. This is because of the simplicity of the body configuration. For complex structures
carrying current it is not always easy to calculate the forces that result when the structure is
deformed. For such structures, it is helpful to use an indirect procedure. namely the variational
method. For non-dissipative current carrying systems (such as superconductors). it is possible
to form a Lagrangian incorporating the kinetic energy, the potential energy and the magnetic
energy. The stationary requirement of the Lagrangian yields the equations of motion.

In this work a variational method has been proposed for studying vibration and stability of
current-carrying structures. The method has been applied to a simple structure like a simply
supported beam and the solution has been compared with the existing solutions for current
carrying beam. The method has also been applied to the problem of flexural vibrations of
current-carrying rings. These results are applicable to the stability of small deformations of
superconducting magnet coils for magnetic fusion reactors. A few analytical work and some
experimental work in this general area have been reported by Moon et al. [5-8]. A comprehen
sive treatise in this area has been provided by Moon [9].

LAGRANGE'S EQUATIONS FOR CURRENT-CARRYING STRUCTURES

We consider a structure composed of conductors carrying electric currents. In the conduc
tors the energy is stored as magnetic energy. The magnetic energy can be written as

(I)

where flO ~ are the currents through the ith and jth conductors respectively. L j / is known as the
inductance matrix. and it relates the magnetic energy and the current through a quadratic form.

tPresented at the Eight U.S. National Congress of Applied Mechanics. University of California. Los Angeles. 26--30 June
1978.
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The kinetic energy T and the potential energy (or strain energy) can be formally written a~

(2)

(3)

where Mjj and K,j are the mass and stiffness matrices of the structure. X, 's are the amplitudes
of the various modes of deformation that the structure is subjected to. If the generalized
displacement of the structure is denoted by u, then

where <1>, are the mode shape functions.
We can form the Lagrangian assuming the currents are held constant, as

5£(Xj , Xi) = T + W - V.

When no external forces are present, the equations of motion are given by

Substituting the values of W, T and V from eqns (1)-(3) in eqns (5) and (6), we have

(4)

(5)

(6)

(7)

At this point we note that the inductance matrix is a function of motion or deformation. We can
expand the inductance matrix about the equilibrium configuration (denoted by subscript 0) as

L aLmn I X a
2
Lmn I XX

= La + aXk " k + aX,ax!" ' J

where we have neglected the higher order terms.
The equation of motion (7), using the eqns (I) and (8) now takes the following form:

(8)

(9)

The right hand side of eqn (9) represents an initial magnetic force on the system. If the systems
are such that the magnetic forces balance each other in the undeformed configuration, then
there is no initial magnetic force. For such assumed systems we can set

aLmn I = o.
ax, "

(10)

FREQUENCY·CURRENT DISPERSION

In order to study the frequency-current dispersion relation we look for amplitudes har
monically varying with time, thus

(II)

Substituting X in eqn (9) and using eqn (IO), we observe that for non-trivial solutions for ~ 's
the following determinant must vanish.
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(12)

The eqn (12) is the frequency-current dispersion equation. When the currents are zero, this
equation gives the conventional structural frequencies. When w ~ 0, the structure fails to admit
any vibratory motion and "buckles". This happens when

(13)

For a single vibratory mode, the eqn (12) simplifies to

(14)

or,

(15)

where,

KlI
Wo = -, the zero current natural frequencyMll

m=MII

1=11

a2L II
II = ax

t
2 '

Here II refers to the incremental inductance coefficient due to motion and is given by

(16)

where A is the amplitude of vibration. This result follows from eqns (8) and (10).
From eqn (15) we note that if II is positive, the frequency of vibration decreases with

increasing current, thus indicating an unstable situation. For negative values of II the structure
stiffens with increasing current as evidenced by the increase in natural frequency.

STABILITY OF A CURRENT·CARRYING ROD

The previous studies on the stability of vibration of a current-carrying rod is considered the
perturbed magnetic fields due to deformation and obtained the destabilizing magnetic forces [1
3]. In this section the incremental inductance approach is used to obtain the frequency-current
dispersion. In order to compute the incremental inductance we take a rod of finite length and
subject it to a sinusoidal deformation. The wavelength of deformation is taken as twice the
length of the rod. The self inductance of the rod is computed numerically for the deformed and
the undeformed configurations. The contributions to the self inductance of the rod comes from
the regions inside and outside the rod. The internal part of the inductance is dependent on the
geometry of the cross section of the rod, and is assumed not to change with the deformation.
The incremental inductance is then the difference in the external part of the inductances for the
deformed and the undeformed configurations.

To get the external part of the inductance, we need to find the mutual inductance of two
curvilinear circuits spaced at a distance equal to the radius of the rod (see, e.g. Ref. [16]).

L = J.Lo JJdS I • dS2

41T D
(17)
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where ds , is the differential element of the filament running along the rod axis. dS2 IS a
differential element along its inner edge. D is the distance between the filaments. iLo is the
permeability.

The deformation of the rod is specified in the following manner:

y(x, t) = 8(t) sin (1Tx/l) (\8)

where y is the transverse displacement, I is the length of the rod having the ends at x = 0 and
x = l. 8(/) measures the amplitude of deformation corresponding to the sinusoidal mode shape.

The inductances are evaluated using eqn (17) for undeformed and deformed configurations.
For deformed configurations various values of 8 are used in the numerical computations. The
details of the numerical procedures can be found in [to]. The results are shown in Fig. 1.

We have, the inductance for a particular 8 as

(19)

where Lo is the inductance corresponding to the undeformed configuration and II is the
incremental inductance coefficient.

From Fig. I the incremental inductance coefficient II is obtained as 4 x 10-6 H per m2
. The

positive value of I. indicates that a critical current exists. From eqn (15) we have

(20)

Here m is the modal mass of the rod and equals to half its total mass by virtue of the defined
mode shape in eqn (18). From eqn (20) buckling occurs when w = 0, which gives the critical
current 1* as

(21)

where we have substituted wo
2= (EJ1T4)/(pAI4), the zero current natural frequency for the first

mode of flexural vibration and m = 1/2pAI, the modal mass of the rod. EJ measures the flexural
rigidity of the rod, p, I and A are the mass density, the length and the cross-sectional area of the
rod respectively.

ChaUopadhyay and Moon[4] obtain the critical current of a rod carrying uniformly dis-

2Or-----------------------------,

3 4

Fig. 1. Incremental inductance of a rod.
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12 _ EJ( 7T/l)2
* - /-LJ47T[ln (21/po) - 1.327]
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(22)

where a is the radius of the rod.
For the case of axial surface current, the critical current obtained by Dolbin and Morozov is

identical except for the additive numerical constant in the denominator of eqn (22). Their
numerical constant is 1.077 as opposed to 1.327 in eqn (22)[3].

Numerical values
1=0.762m
a = 0.00159m
E = 8.7 X 1010 N/m2

p = 8400 kg/m3

J = (7Ta 4/4) = 5x 10-12 m4

/-La = 47T X 10-7 HIm.

With the above numerical values, the critical currents are calculated as

1*= 3460 amp (numerical method, eqn (21»
1* =4100 amp (Chattopadhyay and Moon [4])
1*= 3990 amp (Dolbin and Morozov [3]).

Hence the numerical results are conservative as far as the critical currents are concerned.

STABILITY OF CIRCULAR RINGS CARRYING ELECTRIC CURRENT

The shape of the superconducting coils for magnets in fusion reactors might be in the form
of circular rings. A number of such coils are assembled around the periphery of a cylindrical
structure to form the magnet. These coils carry very high currents to produce a toroidal field for
plasma confinement. It is very important to investigate the forces resulting from the motion or
deformation of such coils to see whether such forces can have a destabilizing effect on the
coils. The study will be confined to the elastic stability of a single coil carrying current due to
the self-magnetic field. To study the stability of motion of such coils, it is necessary to know the
inductance increment of the coils under deformation. In this section we study the deformation
in the ring plane of the ring as well as the out-of-plane deformation of the ring. For these
deformations, the incremental inductances are evaluated numerically.

The inductance of the ring has an internal part and an external part. The internal part of the
inductance, a function of the cross section is assumed not to change with deformation. The
external part of the inductance is the mutual inductance of two circuits, one running along the
central axis of the ring and the other along the inner edge [11].

The in-plane deformation is specified as

u, = F cos 28 (23)

where F is the amplitude of the radial (in-plane) deformation and 8 is circumferential
coordinate.

For different values of F the values of inductances are computed numerically. The
mathematical expression of the inductance L is given by

L = /-La JJdSa • ds,
47T Ira - rd (24)

where dSa is a differential distance along the central axis of the ring having a position vector ra'

and dS i is a differential distance along the inner edge of the coil having a position vector f,.
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The results of the numerical computation corresponding to the in-plane motion of the ring
are shown in Fig. 2. We have

(25)

where Lo is the inductance of the ring in its undeformed configuration and lIP the incremental
inductance coefficient for the in-plane deformation.

The out-of-plane deformation is specified as

V= C cos 20 (26)

where v is the displacement normal to the plane of the ring and C is the amplitude of
deformation.

For different values of C, the inductances are computed numerically using eqn (24). The
results are shown in Fig. 3. We have

(27)

where lop is the incremental inductance coefficient for the motion normal to the plane of the
ring.
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Fig. 2. Incremental inductance for in-plane vibration of a ring.
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Fig. 3. Incremental inductance for out-of-plane vibration of a nng.
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NUMERICAL VALUES

As an example, we take the design data of a fusion reactor coil as given in Ref. [12]. We
approximate the coil shape by a ring of radius Ro with a cross-sectional radius r. The inner edge
of the coil is a circle of radius Ro - r, where, Ro == 3.03 m and r == 0.165 m. We then get the
foIlowing numerical results

liP == 1.19 X 10-6 H/m2 (Fig. 2)
lop == 0.83 X 10-6 H/m2 (Fig. 3).

Evaluation of the initial magnetic tension
A current-carrying ring in its undeformed configuration is subjected to a radial magnetic

force distribution which gives rise to a hoop tension in the ring. An approximate value of this
circumferential tension T9 has been calculated in Ref. [13] and is

T9 == ~o~2 [In (8Rol r) - 3/4]. (28)

The magnitude of this tension can be estimated numerically from the magnetic energy
W == 1/2LI2 as

(29)

The derivative aLI aRo is numerically computed at Ro == 3.03 m by evaluating inductances for R o

values slightly less and slightly greater than 3.03 m. The inductance is graphicaIly represented as
a function of Ro in Fig. 4. The derivative is given by the slope of the straight line curve in Fig.
4. Thus the partial derivative aLIaRo, and hence the initial magnetic tension is known from eqn
(29).

FREQUENCY-CURRENT DISPERSION FOR IN-PLANE
VIBRATION OF A CIRCULAR RING

The deformation has been specified for the radial displacement Ur in eqn (23). If we are
interested in flexural vibration without extension, then the circumferential displacement U9 must
be related to the radial displacement by[14]

(30)

112~-----------------------,

III

110
r

'"0
>(

.....
109

108

Slope aLiaRo- 4.98 x 10-6 Him

107 '--------:3":-0.,...1-------=3~O=-3------=3-':-05=---------J307

Fig 4 Inductance vs radius of the ring
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From eqn (23), Uo is therefore given by

S. CHATTOPADHYAY

P. 2
Uo =2"sm 8. (31 )

The strain energy of the ring, V, including the effect of initial tension T9 is given by

The kinetic energy, T, of the ring is

T pA f2
". ( . 2 . 2)R d£l 51T AR p'2=ToUr + Uo 0 u =8 Po·

The magnetic energy of the ring using eqn (25) is

With the Lagrangian .:t = T + W - V, the equation of motion is

~ (a!f!) _a.Y! = 0
dt aP ap

which then gives, using eqns (32)-(34) and (29)

Using the notation

From eqn (36), the frequency-current dispersion is obtained as

2 = 2 (I + ieffR/[2)
W Wo 9EJ1T

where

_ ( 36EJ )1/2
W o - 5pAR}

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

the zero current natural frequency.
From eqn (38), if ieff is positive, the natural frequency of the ring increases with the current

and a stable situation results. If the initial tension effect is neglected then ieff = -I", from eqn
(37). Then for positive values of lip the ring natural frequency decreases with increasing current
thus indicating an unstable situation. Then a critical current exists exceeding which the ring
cannot admit any vibratory motion and buckles at sufficiently high current. The in-plane
buckling current corresponding to the case of no initial magnetic tension is given by

(40)
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The frequency current dispersion relation as given by eqn (38) now takes the following form
using eqn (40)

2 2 (I lefrI
2

)
W = W o + IlpIl

with leff and I * given by eqns (37) and (40) respectively.

NUMERICAL VALUES FOR IN-PLANE VIBRATION OF A
CURRENT-CARRYING RING

E = 8 x IO IO N/m2

J = 2.2 X 10-4 m4

Ro = 3.03 m
lIP = 1.19 X 10-6 H/m2 (Fig. 2)
1* = 3.877 X 106 amp (from eqn 40)

:~ = 4.98 x 10-6 HIm (Fig. 4)

leff = 0.45 X 10-6 H/m2 (from eqn 37).

(41)

Using the above numerical values, the frequency current dispersion relation (41) now reads

(42)

FREQUENCY-CURRENT DISPERSION FOR OUT OF PLANE
VIBRATION OF A RING

The transverse displacement v has been specified in eqn (26). For out of plane motion and
twist cP is coupled with v. For a ring undergoing combined bending and torsional motion, the
strain energy, V, the kinetic energy T, and the magnetic energy Ware given by

V = EJ r27r
(~+~~)2 Ro dO + GKt r27r

(~ acP +~~)2 Ro dO + T~o r2
" (~ av)2 dO

2 Jo Ro Ro ao 2 Jo Ro ao Ro ao 2 Jo Ro ao
(43)

r27r

T = 1/2pA Jo ,}Ro dO

W = 1/2(Lo+ lopC2)I2

(44)

(45)

where G is the shear modulus and Kt is the torsion constant and for a circular section equals
21. In eqn (43) we have included the contribution due to the initial magnetic tension whose
value is given by eqn (29). In eqn (44) we have neglected the rotatory inertia. In eqn (45) we
have implicitly assumed that the twist cP has no effect on the inductance, and hence the
magnetic energy.

For the twist we assume an identical mode shape as for the displacement given in eqn (26).
Thus

cP = Dcos 20

where D is the amplitude of the twist.
Substituting v and cP from eqns (26) and (46) in eqns (43) and (44), we have

(46)

(47)

(48)
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The Lagrangian !£ is given by T + W - V. For ::£ to be stationary, we must have

aY = aY = 0
ae aD . (49)

Equation (49) gives us a set of two homogeneous simultaneous equations in e and D. For
non-trivial solutions, the determinant of the coefficient matrix should vanish. This gives

where,

~{ (l + (3)

EiIV (l + 4(3)

=0 (50)

and,

(51)

(52)

where v is the Poisson's ratio.
Equation (50) yields the following frequency-current dispersion relation,

2= 2[I+Ro3(5+V)1 [2]
W W O 36EJ elf

where,

(
36EJ1r )1/2

Wo = (5 + v)AR,,4

(53)

(54)

Wo is the zero current natural frequency for the flexural vibration at right angle to the plane of
the ring. This value checks with the corresponding result obtained in Ref. [15].

From eqn (53), if lelf is positive, the out-of-plane natural frequency increases with increasing
current. If the initial magnetic tension is neglected, then lelf = -lop from eqn (51). Then for
positive values of lop a critical current exists. The out-of-plane buckling current for the case of
zero initial tension is given by

(55)

The frequency-current dispersion relation now takes the following form

(56)

NUMERICAL RESULTS fOR THE OUT-Of-PLANE VIBRATIONS Of A
CURRENT-CARRYING RING

E=8x IO IO N/m2

i = 2.2 X 10-4 m4

Ro = 3.03 m
lop = 0.83 X 10-6 H/m2 (Fig. 3)
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/ *= 4.1 X 106 amp (from eqn 55)

°R
L = 4.98 x 10-6 HIm (Fig. 4)o 0

[eff = 0.81 X 10-6 H/m2 (from eqn 51).

Using the numerical values the frequency-current dispersion relation (56) now reads

2

~ = 1+ 6.0 X 10-14
/

2
•

Wo

477

(57)

Thus the destabilizing effect due to the self field tends to be exceeded by the increased initial
magnetic tension in the ring. An experimental result confirming this effect appears in Ref. [8].

The stabilizing effect of the initial magnetic tension rests on the assumption that the center
of tension coincides with the center of current. In some fusion reactor coil geometries this may
not hold. The non-coincidence of the two centers can cause additional forces and moments
requiring further analyses.

Further. in a magnetic fusion reactor the motion of a coil is influenced by the fields in the
neighboring coils. The destabilizing effects due to the fields external to the coil is reported in
Refs. [6-8].

Acknowledgements-The author wishes to express his sincere appreciation to Prof. Francis Moon of Cornell University
for numerous helpful discussions. A portion of this work was supported by National Science Foundation Grant No. GK
31314 to Princeton University.

REFERENCES
I. M. A. Leontovich and V. D. Shafranov, The stability of a flexible conductor in a longitudinal magnetic field. In Plasma

Physics and the Problem of Controlled Thermonuclear Reactions, Vol. I. Pergamon Press, Oxford (1961).
2 N. I. Dolbin. Propagation of elastic waves in a current-carrying rod. PMTF 2, 104 (1962) (In Russian).
3. N. I. Dolbin and A. I. Morozov. Elastic bending vibrations of a rod carrying electric current. Zhumal Prikladnoi

Mekhaniki i Technicheskoi Fiziki 3, 97 (1966).
4 S. Chattopadhyay and F. C. Moon, Magnetoelastic buckling and vibration of a rod carrying electric current. 1. Appl.

Mech. 42, 809 (1975).
F. C. Moon and S. Chattopadhyay. Elastic stability of a superconducting coil for a fusion reactor. Proc. 5th Symp. of
Engrg Prob. of Fusion Research, IEEE Publ. 73 Ch 0843-3-NPS, 544 (\974).

6 F. C. Moon and C. Swanson, Vibration and stability of a set of superconducting magnets. J. Appl. Phys. 47, 914 (1976).
7 C. Swanson and F. C. Moon, Buckling and vibration in a five-coil superconducting partial torus. J. Appl. Phys. 48. 3110

(\977).
8. F. C. Moon and C. Swanson. Experiments on buckling and vibration of superconducting coils. 1. Appl. Mech. 44, 707

(1977).
9 F. C. Moon, Problems in magneto·solid mechanics. In Mechanics Today '(Edited by S. Nemat-Nasser). Vol. 4.

Pergamon Press. Oxford (\977).
10. S. Chattopadhyay, Vibration and stability of structures with high electric currents. Doctoral Dissertation. Princeton

University (1974).
II W. R. Smythe, Static and Dynamic Electricity McGraw-Hili, New York (\939).
12. J. File, R. G. Mills and G. V Sheffield. Large superconducting magnet designs for fusion reactors. IEEE Trans. Nucl.

Sci. NS-18, 277 (l97\).
13. L. E. Landau and E. M. Lifshitz, Electrodynamics of Continuous Media. Pergamon Press, New York (1960)
14 S. P. Timoshenko, Vibration Problems in Engineering, 2nd Edn. Van Nostrand, New York (1937).
15. A. E. H. Love, A Treatise on the Mathematical Theory of Elasticity, 4th Edn. Dover. New York (1944).
16 F. W Grover, Inductance Calculations. Van Nostrand, New York (1946).


